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A novel testbed is introduced to examine the problem of multiple spacecraft interacting in close proximity in a 
laboratory setting.  This testbed enables validation of guidance, navigation and control (GNC) algorithms by 
combining six-degrees of freedom (DoF) computer simulation and three-degrees of freedom hardware-in-the-loop 
experimentation.  The 3-DOF spacecraft simulator enables real-time hardware-in-the-loop testing of GNC 
algorithms by employing the principle of air-flotation along a flat floor to duplicate the frictionless and 
weightlessness inherent to orbital flight.  This 3-DoF spacecraft simulator fuses sensor data from pseudo-GPS and a 
fiber-optic gyroscope in order to provide precise state estimation while employing a novel single gimbaled miniature 
control moment gyroscope and rotating thruster actuator for attitude and translational control. With its inherent high 
torque to required power ratio, the miniature CMG enables a high slew-rate capability for the spacecraft simulator 
which is a key measure of performance in spacecraft proximity operations.  Furthermore, the rotating thruster design 
enables simultaneous translation and attitude control, allowing for efficient CMG desaturation when required.  This 
paper presents the basic components and key parameters of the robotic vehicle with specific focus on the small time 
local controllability of this uniquely actuated system.  The small time local controllability and input-output 
linearizability of the nonlinear Multi-Input Multi-Output system are demonstrated through both analytical means 
using Lie algebra methods as well as numerical simulations.  Utilization of the designed input-output linearization 
controller with a standard Linear Quadratic Regulator for computation of the requisite linear gains provides a 
promising control system for a minimally actuated small spacecraft during autonomous proximity operations. 
 
INTRODUCTION 
The current space acquisition process, with the 
enormous monetary cost and lengthy production 
schedule required for a successful launch of a 
traditional, single-purpose, tailored design, spacecraft 
system, demands reconsideration.  One potential option 
requires a paradigm shift from the monolithic 
spacecraft system to one involving multiple interacting 
spacecraft that can autonomously assemble and 
reconfigure. This group of spacecraft constitutes a 
flying system fractionated in either heterogeneous or 
homogenous agents.  This option has numerous benefits 
ranging from a removal of significant intra-modular 
reliance which provides for parallel design, fabrication, 
assembly and validation processes to the inherent 
smaller nature of fractionated systems which allows for 
each module to be placed into orbit separately on more 
affordable launch platforms. 1  
With respect specifically to the validation process, the 
significantly reduced dimensions and mass of 
fractionated spacecraft with respect to the traditional 
monolithic spacecraft allows for not only component 
but even full-scale on-the-ground hardware-in-the-loop 
experimentation.  This type of hardware-in-the-loop 
experimentation complements analytical methods and 
numerical simulations by providing a low-risk, 
relatively low-cost and potentially high-return method 
for validating spacecraft systems technology, 
navigation techniques and control approaches.  Several 
approaches exist for the actual hardware-in-the-loop 
testing in a laboratory environment with respect to 
spacecraft guidance, navigation and control.  One such 
method involves reproduction of the kinematics and 
vehicle dynamics for 3-DoF (two horizontal 
translational degrees and one rotational degree about 
the vertical axis) through the use of robotic spacecraft 
simulators that float via linear air bearings on a flat 
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horizontal floor.   This particular method is currently 
being employed by several research institutions and is 
the validation method of choice for our research into 
GNC algorithms for proximity operations at the Naval 
Postgraduate School.2,3,4,5,6,7,8  With respect to 
spacecraft involved in proximity operations, the in-
plane and cross-track dynamics are decoupled, as 
modeled by the Hill-Clohessy-Wiltshire (HCW) 
equations, thus the reduction to 3-DoF does not appear 
to be a critical limiter.  One consideration involves the 
reduction of the vehicle dynamics to one of a double 
integrator.  However, the orbital dynamics can be 
considered to be a disturbance during the proximity 
navigation and assembly phase of multiple fractionated 
systems that need to be compensated for by the 
spacecraft navigation and control system.  Thus the flat 
floor test bed can be used to capture many of the critical 
aspects of an actual autonomous proximity maneuver 
that can then be used for validation of numerical 
simulations.   
This paper introduces a new and unique hardware-in-
the-loop small spacecraft simulator that can be used to 
experimentally demonstrate GNC methods for small 
spacecraft proximity operations.  It will be shown 
through Lie algebra analytical methods as well as 
numerical simulation, that the minimum set of actuators 
required for a spacecraft system reduced to 3-DoF 
consists of two vectorable thrusters on opposite faces.  
The advantages of a vectorable thruster configuration 
include the ability to decrease propellant use through 
optimized thrust vectors, free up of surface area for 
other critical components and possible reduction in the 
propulsion subsystem mass due to piping and valves.  
The recently developed robotic joint, invented by Dr. 
Steven Canfield, is capable of providing just such 
capabilities in a hemispherical vector space and is being 
considered by NASA for the Crew Exploration 
Vehicle.9 These important benefits provide the 
motivation to determine both the impact that a 
hemispherical actuator (reduced to semicircular for 
3DoF dynamics) has on the overall system 
controllability with an emphasis on determination of the 
minimum thruster configuration as well as fuel-efficient 
GNC algorithms. 
This paper is organized as follows:  Section two 
describes the hardware architecture of the spacecraft 
simulator.  Section three develops the spacecraft 
simulator equations of motion and discusses the notions 
of controllability.  Section four focuses on the 
controllability of the spacecraft simulator.  Section five 
analytically presents the input-output linearizable 
nature of the system and presents a controller based on 
this theory.  Finally, Section six demonstrates the Small 
Time Local Controllability (STLC) of the input-output 
linearizable system combined with a Linear Quadratic 
Regulator for computation of the requisite linear 
feedback gains. 
AMPHIS TESTBED ARCHITECTURE 
 
Figure 1: The Robotic Spacecraft Simulator at the 
NPS Spacecraft Robotics Laboratory1 
The AMPHIS (Autonomous Multi-Agent Physically 
Interacting Spacecraft) testbed provides a relatively 
low-cost and easily acquired and assembled system that 
can be used for hardware-in-the-loop testing of multiple 
spacecraft assembly and reconfiguration concepts.  
Currently, the testbed consists of one 3-DOF prototype 
spacecraft simulator and a 6-DOF simulator consisting 
of four stand-alone computers. Figure 1 depicts the 
prototype spacecraft simulator in the Proximity 
Operations Simulator Facility at the Naval Postgraduate 
School with key components identified.  The vehicle is 
modularly constructed with three easily assembled 
sections dedicated to each primary subsystem.    
Prefabricated 6105-T5 Aluminum fractional t-slotted 
extrusions form the cage of the vehicle while one 
square foot, .25 inch thick static dissipative rigid plastic 
sheets provide the upper and lower decks of each 
module.  The use of these materials for the basic 
structural requirements provides a high strength to 
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weight ratio and enable rapid assembly and 
reconfiguration.  
Propulsion and Floatation Subsystems 
The vehicle is maintained in a frictionless state by a 10 
micron air gap between four linear air bearings and the 
flat epoxy floor of the POSF.  This air gap is 
maintained by dual 4500 PSI (31.03 MPa) carbon-fiber 
spun air cylinders providing air flow at 50 PSI (.35 
MPa).  Each cylinder has a 68 cubic inch air capacity, 
enabling nearly 75 minutes of continuous friction-free 
experimentation time.  Similar to the floatation system, 
the propulsion system is fed by a second set of air 
cylinders and is regulated to 100 PSI (.70 MPa). 
Electronic and Power Distribution Subsystems 
The power distribution subsystem is composed of triple 
lithium-ion batteries wired in parallel to provide 28 
volts for up to 12 Amp-Hours.  A four port DC-DC 
converter distributes the requisite power for the system 
at either 5 volts or 24 volts DC.  An attached cold plate 
provides sufficient and unobtrusive heat transfer from 
the array to the power system mounting deck.  The 
current power requirements include dual PC-104 CPU 
stacks, a wireless router, three motor controllers, two 
separate normally-closed solenoid valves for thruster 
actuation, a fiber optic gyro and a wireless server for 
transmission of the vehicle’s position via a pseudo-GPS 
system. 
Translation and Attitude Control System Actuators 
The AMPHIS simulator includes actuators to provide 
both translational control and attitude control.  A full 
development of the controllability for this unique 
configuration of dual rotating thrusters and one-axis 
Miniature-Single Gimbaled Control Moment Gyro 
(MSGCMG) will be demonstrated in subsequent 
sections of this paper.  The translation control is 
provided by two cold-gas on-off convergent nozzle 
thrusters in a dual vectorable configuration as pictured 
in Figure 2.  Each thruster is capable of providing .28 N 
of vectorable thrust limited in a region ,
2 2
π π⎡−⎢⎣ ⎦
⎤⎥  with 
respect to the face normal.  The MSGCMG is capable 
of providing .668 Nm of torque with a maximum 
angular momentum of .098 Nms. 
The key parameters of the AMPHIS simulator are 
summarized in Table 1 and are used for development of 
the simulated control system with feedback 
linearization presented in the last section of the paper. 
Table 1: Key Parameters of the AMPHIS 
Spacecraft Simulator1,11  
Subsystem Characteristic Parameter 
Length and Width .30 [m] 
Height .69 [m] 
Mass 37 [kg] 
Structure 
MOI zJ  .75 [kg-m
2] 
Propellant Air 
Equiv Storage Cap .002 [m3] @ 31.03 
[MPa] 
Operating Pressure .70 [MPa] 
Propulsion 
Thrust (x2) .28 [N] 
Max Torque .668 [Nm] Attitude Control 
Momentum Storage .098 [Nms] 
Battery Type Lithium-Ion 
Storage Cap 12 [Ah] @ 28 [V] 
Electrical & 
Electronic 
Computers 2 PC-104 PIII 
Fiber Optic Gyro ±20º/hr bias 
LIDAR SICK 360 º 
iGPS Sensor <.050 [mm] 
accuracy 
Sensors 
Accelerometer ±8.5x10-3 [g] bias 
Propellant Air 
Equiv Storage Cap .002 [m3] @ 31.03 
[MPa] 
Operating Pressure .35 [MPa] 
Floatation 
Linear Air Bearing  32 [mm] diam (x4) 
DEVELOPMENT OF EQUATIONS OF MOTION 
FOR THE AMPHIS 3-DOF SIMULATOR 
Given two rotating thrusters and a momentum exchange 
device such as the MSCCMG, Figure 2 depicts the 
reference frames used in defining the necessary 
parameters to describe the AMPHIS vehicle’s 
orientation and the effect of the individual actuators.  
The vehicle’s two degrees of translational freedom are 
described in an inertial coordinate system (IJK) by the 
vector ( ),G X Yr . Likewise, the vehicle’s rotational 
freedom is described by an angle of rotation θ  between 
the inertial coordinate system and the body coordinate 
system (ijk) where the body k-axis is aligned with the 
inertial K-axis. 
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Figure 2: AMPHIS 3-DOF Simulator Schematic 
Letting the generalized coordinates be 
[ ] [ ]1 2 3 Tq q q X Y Tθ= =q  (1) 
the kinetic energy of the vehicle can be expressed as 
( )2 21 2 31 12 2 ZT m q q J q= + +   2  (2) 
where m is the mass of the vehicle and zI is the 
centroidal mass moment of inertia about the Z-axis.  
There is no potential energy given the negligible slope 
of the epoxy floor in the POSF and the frictionless 
environment.  It will be demonstrated later in this paper 
that the system can be controlled using two rotating 
thrusters acting in the region ,
2 2





 and a 
momentum exchange device such as the MSGCMG 
developed for the AMPHIS 3-DOF simulator.  
Therefore, the virtual work can be determined by 
calculating the velocities of points A and B where  
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where c and s represent cosine and sine.  The external 
forces and torques are 
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where and AF F  are the forces imparted by the 
rotating on/off thrusters, Aα  is the angle measured from 
the outward normal of face A in a clockwise direction 
(right-hand rotation) to where thruster A’s nozzle is 
pointing.  Likewise, Bα  is the angle measured from the 
outward normal of face B in a clockwise direction 
(right-hand rotation) to where thruster B’s nozzle is 
pointing.   T   represents the torque imparted on the 
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Eq. (8) can be simplified using trigonometric identities 
and the state expanded to include the thruster angles to 
yield equations of motion for the complete system as 
( ) ( )
































+ += − +












The system can be readily expressed in general 
nonlinear form where .  Through the 
expansion of the state vector to include the angular 
positions of the thrusters, the system can then be 
categorized as a member of well-studied control-affine 
systems where 
( , )=x f x u





t t u t g
=
= +∑x f x x  (10) 
and is the number of controls.  With  
representing a smooth 
uN x
N\
xN -dimensional manifold 
defined be the size of the state-vector, in this 
case , and the control vector to be in with  
 in this case.  The state and control vectors for 
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Eq. (9) can now be expressed as in the form of Eq. (10) 
where 
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With the system in the form of Eq. (10) given the vector 
fields in Eqs. (11) and (12), and given that f  (the drift 
term) and gi (the control vector fields) are smooth 
functions, it is important to note that it is not 
necessarily possible to obtain zero velocity due to the 
influence of f which causes drift.  This fact places the 
system in the unique subset of control-affine systems 
with drift and, as seen later, will call for an additional 
requirement for determining the controllability of the 
system.  Additionally, when studying controllability of 
systems, the literature to date restricts the consideration 
to cases where the control is proper.  Having a proper 
control implies that the affine hull of the control space 
is equal to  or that the smallest subspace of U is 
equal to the number of control vectors and that it is 
closed.
uN\
12,13,15  With a system such as a spacecraft in 
general or the simplified model of the AMPHIS 
simulator in particular, the on-off cold-gas thrusters 
restrict the space to only the positive control space with 
respect to both thrust vectors which leads to an 
unclosed set and thus improper control space.  In order 
to solve this, a method which leverages the symmetry 
of the system is used by which the system is studied 
from a controllable aspect to have only one rotating 
thruster that is positioned a distance L from the center 
of mass with the vectored thrust resolved into a y and x-
component.  By looking at the system from this 
perspective, the thruster combination is now in and 
therefore is proper and is analogous to the planar body 
with variable-direction thruster first presented by Lewis 
and Murray.
2\
13,14  Eq. (8) can then be rewritten as 
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 (14) 
This logic implies that only one thruster is used at any 
given time.  
Equations of Motion When No Torque is Provided by 
the Momentum Exchange Device 
Additionally, as will be demonstrated when considering 
controllability for the system, the momentum exchange 
device is not necessary.  For this situation, which also 
occurs when a control moment gyroscope is present but 
is near the singular conditions, and therefore requires 
desaturation, the thruster not being used for translation 
control can be slewed to 
2
π±  depending on the 
required torque compensation and fired to affect the 
desired angular rate change.   
In particular, when  the equations of motion 
become 
0xF >
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However, with only the use of an on/off rotating 
thruster to provide the necessary torque compensation, 
fine pointing is difficult.   
NOTIONS OF CONTROLLABILITY 
Several local controllability notions exist.  The lowest 
level of local controllability is local accessibility.  For a 
system to be locally accessible from a given initial 
condition, the reachable set for the system contains an 
open subset in dimension xN  for a time greater than 
zero from a given initial condition.12  Accessibility is 
very important in the case of control-affine systems 
with drift such as the AMPHIS simulator where 
momentum can cripple a system from moving in certain 
direction from most states during an arbitrarily small 
interval of time.12 
The next level is simply known as controllability.  In a 
classical sense, a system is controllable if there is an 
action trajectory where upon integration from any 
initial state yields a desired goal state for a time greater 
than zero.  In designing a controller for a mechanical 
system, classical controllability does not provide 
sufficient conditions for desired system responses in 
that it does not consider the distance traveled from an 
initial state to a goal state.  For this purpose, a more 
restrictive controllability notion known as Small Time 
Local Controllability (STLC) is considered.  STLC 
provides a form of controllability that is naturally suited 
for obstacle avoidance and is most important for 
situations involving multiple satellites involved in 
proximity operations.  The reachable set denoted by 
( ), ,R x U t is time limited in that it represents the set of 
all states that are reachable in an arbitrarily given time 
less than or equal to .t 12  For a control-affine system 
with drift, if the initial state is taken to be zero, then 
STLC can be studied in this vicinity. 
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DETERMINING CONTROLLABILITY FOR A 
CONTROL-AFFINE SYSTEM WITH DRIFT 
In determining STLC of the control-affine system with 
drift presented in Eq.(9), the general theorem of 
controllability developed by Sussmann in 1987 is 
employed.15  Before stating the theorem, it is first 
important to note a few definitions that relate to Lie 
algebra which is the key to the application of 
Sussmann’s theorem.    
Definition 1 (Lie derivative):  The Lie derivative of a 












g gL g g f
x x
f x
⎡ ⎤⎡ ⎤ ⎢∂ ∂= ∇ = ⎢ ⎥ ⎢∂ ∂⎢ ⎥⎣ ⎦ ⎢ ⎥⎣ ⎦
i ⎥⎥#  (17) 
Definition 2 (Lie Bracket):  The Lie bracket of two 
vector fields is denoted by [ ],f g  where the i-th 











f g f g
x x=
⎛ ⎞∂ ∂= −⎜⎜ ∂ ∂⎝ ⎠∑ ⎟⎟  (18) 
The Lie bracket works to produce motions in directions 
that do not seem to be allowed by the system 
distribution and forms a sufficient method for studying 
a system’s STLC.12  This method involves what is 
known as Lie Algebra Rank Condition (LARC).  The 
LARC is defined as the rank of the controllability 
matrix derived using Lie Brackets of successive 
combinations of the vector field F where 
{ }0 1, ,..., uNf g g=F with 0  and if g
Δ
 representing the 
vectors associated with Eq. (10).  Given this vector 
field, its associated distribution  is interpreted as a 
vector space with coefficients in .  Following 
LaSalle, the Lie algebra of the distribution 
\
Δ  ( )( )ΔL  
is defined to be a distribution of all vector fields that 
can be obtained by applying subsequent Lie bracket 
operations as defined in Eq. (18).  This Lie algebra can 
be expressed using a span notation by including 
1,..., uNg g and all independent vector fields generated 
by Lie brackets.12  Therefore, the LARC is equivalent 
to the dimension of the Lie algebra or ( )( )dim ΔL .  
For a driftless control-affine system, following the 
Chow-Rashevskii Theorem, the system is STLC if the 
LARC is equal to the number of states.12,13,14  However, 
given the system in question with its drift vector not 
equal to zero, it is necessary to examine the 
combinations of the vectors used to compose the Lie 
brackets of the Lie algebra.  According to Sussman’s 
General Theorem on Controllability which states that 
Given the system of Eq. (10), with ( ) ( )0 0 0f = =x f x 0  
at an equilibrium point 0
xN∈x , assume that 
( )0 ,..., mh h=X  satisfies the LARC at .  Further, 
assume that whenever 
0x
)(X Br∈ X  is a bracket for 
which 0 ( )Xδ is odd and 1( ),..., ( )uNX Xδ
1,... kY Y
δ  are all 
even, then there exist brackets  such that 
i
iX Yα=
( ) ( ),iY X
 for some , and 1
u
,..., kα α ∈\
1,...,i Nδ δ< = .  Then the system defined by 
Eq. (10) is Small Time Locally Controllable from .0x
15 
As common in literature, a “bad” bracket will be 
defined as one in which the drift term appears an odd 
number of times and for which the control vector fields 
each appear an even number of times to include zero 
times.12,13,14,15   Conversely, if a bracket is not “bad”, it 
is termed “good”.  As an example of a bad bracket, 
given a system with a drift vector and two control 
vectors with a Lie bracket of the form [ ]0 1 1, ,f g g⎡ ⎤⎣ ⎦ , the 
drift vector occurs only once while the first control 
vector appears twice and the second control vector is 
not present.  Similarly, a bracket of the form 
[ ]0 0 0 1, , ,f f f g⎡ ⎤⎡ ⎤⎣ ⎦⎣ ⎦  is a good bracket.  Therefore, it can 
be summarized that if the rank of the Lie algebra of a 
control-affine system with drift is equal to the number 
of states and there exist sufficient “good” brackets to 
overcome the “bad” brackets to reach the required 
LARC rank, then the system is small time locally 
controllable. 
In applying Sussman’s Theorem to the reduced system 
equations of motion presented in Eq. (13) with 8xN = , 
the Lie algebra evaluates to 
( ) [ ] [ ][ ] [ ] [ ]
1 2 3 4 5 0 1 0 2
0 3 0 4 0 5
, , , , , , , ,
L
, , , , ,
g g g g g f g f g
span
f g f g f g
⎧ ⎫⎪ ⎪Δ = ⎨ ⎬⎪ ⎪⎩ ⎭
 (19) 
with a dimension of ten which is equal to the number of 
states.  In order to verify that this is the minimum 
number of actuators required to ensure STLC, the Lie 
algebra is reinvestigated for each possible combination 
of controls.  The results, as  summarized in Table 2, 
show that the system is STLC from the systems 
equilibrium point at 0 =x 0  given either two rotating 
thrusters in complementary semi-circle planes or fixed 
thrusters on each face providing a force vector through 
the center of mass in opposing directions and a 
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momentum exchange device about the center of mass.  
In the final case involving thrusters providing vectors 
parallel to y axis, and not passing through  the center of 
mass, combined with a momentum exchange device 
providing torque about the center of mass, the 
dimension of the span of the Lie algebra equals the 
number of states before the application of Sussman’s 
General Theorem due to the presence of the bracket 
[ ]1 0 1, ,g f g⎡⎣ ⎤⎦  in which the drift vector appears once, the 
first control vector appears twice and the second control 
vector does not appear.  Therefore, this is a “bad” 
bracket.  With insufficient further brackets to overcome 
its influence and produce a full dimension Lie algebra 
span, the system is not STLC. 
Table 2: Summarization of STLC Results for the 
AMPHIS Simulator Given Different Combinations 
of Actuators  
Actuators ( )( )dim ΔL  STLC 
xF  only 8 No 
yF  only 9 No 
xF  and yF  10 Yes 
xF  and  CMGT 10 Yes 
yF  and  CMGT 9 No 
DESIGN OF AN INPUT-OUTPUT 
LINEARIZATION CONTROLLER FOR THE 
AMPHIS SPACECRAFT SIMULATOR 
The necessary conditions for a MIMO system to be 
considered for input-output linearization are that the 
system must be a square system or where is 
defined as before to be the number of controls and  

































The input-output linearization is determined by 
differentiating the outputs  in Eq. iy (20) until the 
inputs appear.  Following the method outlined by 
Slotine where the assumption is made that the partial 
relative degree is the smallest integer such that at 
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""  (23) 
the decoupling control law can be found where the 
yN N y×  matrix ( )E x  is invertible over the finite 

















⎡ ⎤−⎢ ⎥−⎢ ⎥= ⎢ ⎥⎢ ⎥⎢ ⎥−⎣ ⎦
u E "  (24) 
where ( )iriy iv= .  Eq. (22) is termed the decoupling 




16  Applying the above stated equations to the 
case of the AMPHIS simulator system dynamics in Eq. 
(13), the relative degree of the system at the equilibrium 
point is ( ) ( )21, ,r r2 3 4 5, , 2, 2,2,2,r r r =
iv
 and the total 
relative degree of the system at the equilibrium point, 
which is defined as the sum of the relative degree of the 
system, is therefore ten.  The fact that the total relative 
degree of the system is equal to the number of states 
places the system in an important situation where there 
are no internal dynamics.  Thus by using the decoupling 
control law in the form of Eq. (24) and designing the 
equivalent inputs  to stabilize the now unstable 
system where  
v=z  (25) 
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and the now linearized state vector  is equivalent to 
the state vector expressed in Eq.  
z
(11), there is no 
concern for the stability of the inexistent internal 
dynamics.16  By applying Eq. (24) to the AMPHIS 
simulator system dynamics in Eq. (13) where the 
system is taken to be observable in the state vector 
[ ], , , ,A Bx y θ α α=x
0xF >
 and by using the B thruster (i.e. for 
the case ), the decoupling control law can be 
shown to be 
( )





















which is valid for all  in a neighborhood of the 
equilibrium point .  Similarly, the decoupling law 
assuming only the A thruster (i.e. for the case 
x
0x
0xF ≤ ) 
can be shown to be 
( )





















Input-output linearization when no torque is provided 
by the Momentum Exchange Device 
As mentioned previously, with the existence of a 
control moment gyro as an actuator in the system, the 
issue of momentum storage comes into play and thus 
the requirement to desaturate the momentum exchange 
device.  A disadvantage to the use of control moment 
gyroscopes is the mathematical singularity that occurs 
when the gimbal angle reaches
2
π .11  Furthermore, in a 
region about this singularity, very little torque can be 
exchanged with the vehicle and thus it is essentially 
ineffective as an actuator.  The decoupling law for the 
system dynamics in Eq. (15) where the B thruster is 
providing translational control and thruster A is 
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⎡ ⎤+⎢ ⎥⎢ ⎥− + −⎢ ⎥⎢ ⎥= ⎢ ⎥− −⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎣ ⎦
u  (28) 
Similarly, the decoupling law for the system assuming 
the A thruster is providing translational control while 
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⎡ ⎤+⎢ ⎥⎢ ⎥− + −⎢ ⎥⎢ ⎥= ⎢ ⎥− −⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎣ ⎦
u  (29) 
Logic can be imposed within the controller in order to 
determine its mode of operation based on the gimbal 
angle of the MSGCMG.  For this design, if the gimbal 
angle of the MSGCMG is greater than 75 degrees, the 
controller mode is switched from normal operation 
mode to desaturation mode and the gimbal angle rate is 
directly commanded to bring the gimbal angle to then 
zero degree nominal position while the opposite 
thruster from the one being used for translational 
control is slewed as appropriate to provide torque 
compensation.  In this mode the decoupling control 
laws expressed in Eqs. (28) and (29) are considered.  
Once the MSGCMG has been desaturated, the mode of 
operation of the controller is changed back to normal 
operation and the decoupling control laws expressed in  
Eqs. (26) and (27) are used.   In either mode of 
operation, the pertinent decoupling control laws are 
used to determine the commanded angle for the 
thrusters and whether or not to open or close the 
solenoid for the thruster.  For example, if the vehicle is 
required to move to the positive x-direction with respect 
to the body, Eq. (26) can be used to determine the angle 








θ θα θ θ
− ⎛ ⎞− += ⎜ +⎝ ⎠⎟
 (30) 
and the requisite thrust as 
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⎡ ⎤+ +⎢= ⎢ ⎥− +⎣ ⎦
⎥  (31) 
If the result of Eq. (31) is greater than the maximum 
capable thrust of .28N, the solenoid is commanded to 
fire, otherwise, the solenoid remains closed.  In the 
normal operation mode, because the commanded angle 
for thruster A is not pertinent, it can be commanded to 
zero without affecting control of the system.  Similarly, 
if the controller mode is switched to desaturation mode, 



















θ θα θ θ
−
= −





A final set of logic is imposed in order to prevent the 
thrusters from firing in an undesirable direction while 
the thrusters are rotating to the commanded angle.  For 
this logic, if the angles of the thrusters are not within 5 
degrees of the commanded angle, then the solenoid 
valves are kept closed. 
Linear Quadratic Regulator Design 
In order to determine the linear feedback gains used to 
compute the requisite equivalent inputs , a standard 
Linear Quadratic Regulator is employed where the 
state-feedback law minimizes the quadratic 







= +∫v z Qz v Rv  (33) 
subject to the linearized state-dynamics of the system of 
the form where the A matrix and B 
matrices for the system without the rotational dynamics 
of the thrusters are 
= +x Ax Bu
0 1 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 1










⎡ ⎤⎢ ⎥⎢ ⎥⎢ ⎥= ⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎣ ⎦




The corresponding gain matrices R and Q are chosen to 
minimize the appropriate control and state errors as 







1/ ,1/ ,1/ ,
1/ ,1/ ,1/
1/ ,1/ ,1/A B CMG
diag
diag F F T
θ θ









where is taken to be the vector between the initial 
position and the final position and  is taken to be 1 
m/s which corresponds with typical maximum relative 




is taken to be 1 degree.  maxθ  is chosen to be 1 
degrees/sec which again corresponds to typical slew 
rate requirements for small satellites.17,18   
The linear gain matrix for controlling each thruster 
rotation is computed similarly where the A and B 
matrices are the simple double integrator dynamical 
equations.  The gain matrices in the cost function are 
chosen as 






















 2 ⎟⎠  (36) 
where , maxA Bα  and , maxA Bα  are taken to be 5  radμ .   
SIMULATION RESULTS USING INPUT-
OUTPUT LINEARIZATION CONTROLLER AND 
LINEAR QUADRATIC REGULATOR FOR THE 
AMPHIS SIMULATOR 
Using the decoupling laws in Eqs. (26) through (29) 
combined with a Linear Quadratic Regulator as 
designed in Section 4 to formulate a complete linear 
feedback controller for the non-linear system of Eq. (9), 
multiple simulated maneuvers were conducted using the 
parameters of the AMPHIS simulator as outlined in 
Table 1.  Highlighting the results of these maneuvers, 
two are presented in Figure 3 through Figure 7 which 
can be used to characterize the general response of the 
system in key situations.  The first maneuver is a rest-
to-rest maneuver from an equilibrium condition for the 
system at  and proceeding to final configuration 
of 
0 =x 0
( ) ( ) ( ), ,f fy t
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3,5,
4f
x t t πθ ⎡ ⎤⎤ = ⎢ ⎥⎦ ⎣ ⎦
⎡⎣ .  As shown in 
Figure 3, this maneuver is accomplished in under 200 
seconds.    Figure 4 illustrates the control history for the 
five actuators.  From Figure 5, the capability of the 
system to desaturate the MSGCMG using the thrusters 
while maintaining the vehicle’s orientation and without 
affecting its translation is evident with a pointing error 
of less than one degree during this phase.  Assuming 
the on/off cold-gas thruster configuration of the 
AMPHIS simulator, a total VΔ of  .477 m/s is required 
to accomplish the maneuver with a maximum torque of 
.0616 Nm provided by the MSGCMG.  
The second maneuver illustrates the controllability of 
the system within a region of the equilibrium condition 
by beginning the maneuver with initial velocities and an 
initial angular rate and maneuvering to the same final 
configuration point of maneuver one.  Figure 6 
illustrates this trajectory, illuminating the robustness of 
the dual vectorable thruster configuration to orientation 
changes of the body during a maneuver and non-zero 
initial velocities.  Figure 7 shows the control history 
and again demonstrates the impact of the pulsed 
thrusters on the simulator’s orientation while 
demonstrating that the momentum exchange device can 
be effectively desaturated during the maneuver.  Again, 
assuming the on/off cold-gas thruster configuration of 
the AMPHIS simulator, a total  of .3745 m/s is 
required to accomplish the maneuver. 
VΔ

































































Figure 3: State History for Rest-to-Rest Maneuver of AMPHIS Simulator 
0 , 3, 5, 45 def f fx y gθ= = = =x 0  
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Figure 4: Control History for Rest-to-Rest Maneuver of AMPHIS Simulator 
 0 , 3, 5, 45 def f fx y gθ= = = =x 0  














Desaturation Phase of MSGCMG
 
Figure 5: First Desaturation Phase for Rest-to-Rest Maneuver 
 0 , 3, 5, 45 def f fx y gθ= = = =x 0  


































































Figure 6: State History for Rest-to-Rest Maneuver of AMPHIS Simulator 
 [ ]0 0,.1,0,.1,0,1 (deg/ ),0,0,0,0 , 3, 5, 45 degf f fs x y θ= =x = =  






























































Figure 7: Control History for Rest-to-Rest Maneuver of AMPHIS Simulator 
 [ ]0 0,.1,0,.1,0,1 (deg/ ),0,0,0,0 , 3, 5, 45 degf f fs x y θ= =x = =  
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CONCLUSION 
The research presented demonstrates that the minimum 
set of actuators to satisfy controllability of a simulated 
spacecraft that is restricted to a 3-DOF environment.  
As described in the introduction, this can be translated 
to the full 6-DoF orbital dynamic problem when 
restricted to proximity operations as modeled by the 
HCW equations.  The next step in this ongoing research 
will focus on the expansion of the presented methods 
used to prove controllability for non-linear control-
affine systems with drift to a full 6Dof spacecraft model 
as well as work to develop controllers that can take 
advantage of the minimum number of actuators 
configuration summarized in Table 2 of only two 
thrusters and no momentum exchange devices. 
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